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The inﬂuence of indenter elasticity on Hertzian fracture initiation at frictional dissimilar elastic contact has been exam-
ined experimentally and numerically. In ﬂat ﬂoat glass specimens initiation of cone cracks has been observed and fracture
loads measured with steel and tungsten carbide indenters at monotonically increasing loading and during a load cycle. The
observed eﬀect of indenter elasticity on fracture loads was found to be qualitatively diﬀerent from the one predicted by the
Hertz contact theory. This discrepancy may be explained by the presence of interfacial friction. The friction coeﬃcient
between the indenters and the specimen was measured and a contact cycle at ﬁnite Coulomb friction has been analyzed
numerically. The inﬂuence of the indenter elasticity and the friction coeﬃcient on the surface maximum tensile stress
has been investigated and the results concerning the inﬂuence of these parameters on the fracture loads as given based
on a critical stress fracture criterion. The obtained computational results were found to be in better agreement with exper-
imental ﬁndings as compared to the predictions based on the frictionless contact theory. A remaining quantitative discrep-
ancy was attributed to the well-known fact that a Hertzian macro-crack initiates from pre-existing defects on the
specimen’s surface. In order to account for the inﬂuence of the random distribution of these defects a Weibull statistics
was introduced. The predicted critical loads corresponding to the 50% failure probability were found to be in close agree-
ment with experimentally observed ones.
 2008 Elsevier Ltd. All rights reserved.
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It has been initially observed by Hertz (1896) that when a hard spherical indenter is pressed normally into a
brittle material, a cone shaped crack will generate on the material surface. Since the initial observations made
by Hertz (1896) many eﬀorts have been made to model and predict the initiation and growth of such types of
cracks. Indeed, indentation-induced fracture is now recognized to be of great importance in a wide range of
engineering applications where brittle materials are involved, from laminated window glasses (Flocker and0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
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2994 D. Jelagin, P.-L. Larsson / International Journal of Solids and Structures 45 (2008) 2993–3008Dharani, 1997) to biomechanical applications (Deng et al., 2002), as the presence of such cracks in the material
surface may cause signiﬁcant reduction of strength, cf. Evans (1973), Chantikul et al. (1978).
The essential step in an analysis of the Hertzian fracture initiation is an accurate description of the stress
ﬁeld induced by an indenter. This is usually done by assuming that the indentation takes place without inﬂu-
ence of friction, i.e. by the Hertz theory of elastic contact. Hertz theory predicts that the maximum tensile
stress is proportional to E*2/3 which is deﬁned byE ¼ 1 m
2
1
E1
þ 1 m
2
2
E2
 1
ð1Þwhere Ei, mi are Young’s moduli and Poisson’s ratios of the contacting bodies. Thus according to Hertz theory
a tougher indenter would result in a lower fracture load as compared to a softer one provided that the indenter
curvature radii are the same.
The experimental observations are however at variance with these predictions as pointed out by Chaudhri
and Yoﬀe (1981) and by Chaudhri and Phillips (1990) for tests performed on ﬂoat glass, the critical loads
observed for steel and tungsten carbide balls are nearly identical. Also it has been found by Johnson et al.
(1973) in experiments done with steel and glass indenters on ﬂoat glass specimens that the fracture load for
indenters made of steel is about twice as large as for glass ones. The comparison was made in their study
for indenters with the curvature radii chosen so as that the same force would result in the same contact radii
for both indenter materials, i. e.Rsteel ﬃ 2=3Rglass ð2Þ
Thus the Hertz theory would predict identical fracture loads for both indenters.
It has been argued by Johnson et al. (1973) that this discrepancy might be attributed to the fact that Hertz
contact theory is strictly relevant only when the contacting bodies are elastically similar. When two dissimilar
elastic bodies are in contact there will be a relative tangential sliding in the interface opposed by friction. It was
shown by Johnson et al. (1973) based on asymptotic solutions of full stick and full slip that during monoton-
ically increasing load, friction induces outward shear tractions on the surface of a more compliant body. As a
result, the maximum tensile stress will be reduced and shifted from the contact contour. Further progress was
made by Spence (1975a,b) who obtained a solution for dissimilar elastic contact at ﬁnite friction and at mono-
tonically increasing load. Spence (1975a,b) showed that in this case a single relative stick-slip contour will
evolve being independent of loading and the contact proﬁle provided it has a polynomial shape. This ﬁnding
was later extended by Stora˚kers and Elaguine (2005) for the case of arbitrary convex proﬁles. Spence (1975a,b)
was mainly concerned with interface tractions and displacements. Results concerning surface tensile stress dis-
tributions were discussed further in some detail by several other investigators, cf. Hills and Sackﬁeld (1987),
Warren and Hills (1994), Andersson (1996a) and Stora˚kers and Elaguine (2005).
Another experimental ﬁnding which may not be explained on the basis of the Hertz contact theory alone is
the Hertzian fracture initiation during unloading. It was noticed in several investigations of dissimilar contact
pairs that if a brittle specimen has not fractured during indentation to its maximum load it frequently fails
during unloading, cf. e.g. Argon et al. (1960), Wilshaw (1971), Chaudhri and Phillips (1990) and Geandier
et al. (2003).
It has been originally suggested by Johnson et al. (1973) that friction may be an underlying physical cause
for the Hertzian fracture initiation during unloading. Namely at unloading shear tractions of opposite sign
arise at the edge of the contact area. Accordingly the frictional eﬀect which is protective during loading gives
rise to a damaging peak tension during unloading. Recently Elaguine et al. (2006) performed an experimental
and numerical investigation of a frictional contact cycle between a steel spherical indenter and ﬂat ﬂoat glass
specimen. Computationally it was found that at the initial stages of load removal in case of steel to glass con-
tact surface tensile stress may grow up to 20% higher as compared to the one observed at maximum load. By
adopting a critical stress criterion governing fracture it was shown that the experimental observations of
Hertzian fracture initiation during a full contact cycle are in qualitative agreement with the computational
results. The behaviour of the surface tensile stress during a frictional contact cycle has been investigated fur-
ther for a wider range of proﬁle geometries and contacting materials by Jelagin and Larsson (2007).
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understood from a qualitative point of view. However the inﬂuence of friction on the fracture loads which is a
practically very important parameter was not studied in detail and also a quantitative comparison with exper-
imental ﬁndings is absent. It is the present intention to remedy this shortcoming.
It has also been pointed out by several investigators, cf. e.g. Wilshaw (1971), Langitan and Lawn (1969),
that Hertzian fracture initiates from pre-existing ﬂaws which are stochastically distributed at the specimen sur-
face. This brings up a statistical issue which has been addressed in several works, e.g. Oh and Finnie (1967)
and Hamilton and Rawson (1970), based on Weibull (1939) statistics and the Hertz theory of elastic contact.
However there seems to exist only one study of statistical eﬀects based on frictional contact theory. Andersson
(1996b) used a solution developed by Hills and Sackﬁeld (1987) coupled with Weibull statistics to investigate
the size eﬀect of the indenter and the location of the ﬁrst ring crack. Weibull statistics will be used presently to
account for the ﬂaw distribution eﬀect on fracture loads at monotonic loading.
Hertzian fracture experiments are performed on ﬂoat glass with steel and tungsten carbide indenters. For
both indenter materials the observed values of fracture loads are presented at monotonic loading but also dur-
ing a full contact cycle. The computational procedure developed in Elaguine et al. (2006) is used here to ana-
lyze the frictional contact cycle between the spherical indenter and the ﬂat specimen. Based on a critical stress
fracture criterion predictions concerning the critical loads for fracture initiation during the full contact cycle
are made and compared with experimental observations.
2. Formulation of the problem and analysis
The geometry of the problem to be analyzed is depicted in Fig. 1 along with the problem notation; it
involves contact between an elastically dissimilar spherical indenter and a ﬂat specimen. Coulomb friction
is assumed to be valid at the interface and the following boundary condition holds at points where frictional
tractions are not suﬃcient to initiate tangential slip:l j rzzðrÞ j  j rrzðrÞ j> 0; ourðr; aÞoa ¼ 0; r 6 a; z ¼ 0 ð3Þand at points where slip occursl j rzzðrÞ j  j rrzðrÞ j¼ 0; ourðr; aÞoa
,
ourðr; aÞ
oa

 ¼ rrzðrÞ= j rrzðrÞ j; r 6 a; z ¼ 0 ð4ÞE1, v1
h
2a
r
z
P
R
E2,v2
Fig. 1. Geometry and notation of the problem.
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procedure developed in Elaguine et al. (2006), partly based on the commercial ﬁnite element package ABA-
QUS (2002), is used presently.
Once the stress state is found a fracture criterion is to be introduced. Presently, a critical stress criterion is
used, i.e. the magnitude of the maximum tensile stress is assumed to govern the fracture initiation. The surface
radial stress is the maximum tensile one. The use of such a criterion might be questioned as it is well known
that fracture initiates from pre-existing ﬂaws and thus fracture mechanics has to be introduced, cf. Griﬃth
(1920), Frank and Lawn (1967).
However, with the stress variation along the ﬂaws neglected, linear elastic fracture mechanics opens the
possibility to convert from the critical stress to ﬂaw size and fracture toughness:KI ¼ fr0
ﬃﬃﬃﬃﬃ
pl
p
ð5Þwhere l is the depth of the surface ﬂaw, and f describes its shape. One complicating factor here is that the use of
Eq. (5) requires an assumption about the ﬂaw geometry. The stress gradient may be neglected if the pre-cursor
ﬂaw size is small compared to the contact radius; a quantitative analysis of what is ‘small’ in the present con-
text has been performed by Warren (1995).
Furthermore, as pre-cursor ﬂaws are randomly distributed on a specimen surface, statistics is to be intro-
duced to account for this distribution. This is done presently based on a Weibull (1939) distribution function.
The probability that a specimen fractures during loading up to a stress level r then becomespf ¼ 1 e
R
nðrrrÞ2pqdq ð6Þ
where n(r) is the function characterizing the surface ﬂaw distribution and q is a radial coordinate divided by a
reference length. In the literature the most commonly used function is that due to Weibull (1939)nðrÞ ¼
rru
r0
 m
; r > ru
0; r 6 ru
(
ð7Þwhere m, ru and r0 are material constants and are to be determined as the best ﬁt to the experimental results.
Eq. (7) will be used presently in the statistical analysis.
The probability that the crack initiates during loading up to some load Pc is given by the expressionpf ¼ 1 e
R1
0
nðrmaxrr ðq;PcÞÞ2pqdq ð8Þ
where rmaxrr ðq; PcÞ is the distribution of maximum tensile stress experienced by the surface during loading up to
Pc.
As shown by Andersson (1996b) the maximum stress experienced during loading up to Pc is given by the
current tensile stress distribution for the interval between rmax and1, where rmax is the current location of the
surface maximum tensile stress. In the interval between 0 and rmax, the maximum tensile stress is a linear func-
tion of r varying between 0 and rmaxrr ðPcÞ. This is illustrated in Fig. 2 where the current radial stress distribution
is compared with the history of the maximum surface tensile stress for the frictionless case. Both distributions
are normalized with mean pressure at maximum load, p0 ¼ Pc=pa2c .
Presently, the Weibull statistics is used to obtain the predicted failure probability curves for the case of
monotonic loading and glass and tungsten carbide indenters. Comparison is made for the cases when
rmaxrr ðr; PcÞ is given by Hertz and frictional contact theories. In order to ﬁnd the parameters in the Weibull dis-
tribution function, Eq. (7), a least squares ﬁt is made of the experimental cumulative failure probability curve
recorded with the steel indenters. Then the Weibull statistics is combined with the frictional contact theory to
obtain the predicted failure probability curves for the case of monotonic loading. No statistical analysis is per-
formed in this work for the unloading stage.
3. Experimental procedure
The experiments were performed on ﬂat ﬂoat glass specimens with steel and tungsten carbide indenters.
Tests were run on a Dynamic Testing Machine Instron 8500+, operated at a constant load rate of 0.03 kN s1.
Fig. 2. The ‘‘history” and current distributions of the surface tensile stresses at frictionless contact normalized with the mean pressure at
maximum load.
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focused on the region where a crack was expected to form and crack formation was detected through the dis-
persion of this light beam. The friction coeﬃcient was measured with the so called ball-on-disc method, cf. e.g.
Czichos et al. (1987). The material parameters are given in Table 1 together with the measured friction coef-
ﬁcients between respective indenters and ﬂoat glass.
Specimens were available commercially, Eco glass, in the shape of 100  100 mm blocks of 12 mm thick-
ness. Before testing both specimens and indenters were cleaned with soap, water and acetone.
The Hertzian fracture experiments at monotonically increasing loading were performed with steel and tung-
sten carbide balls of 5 mm curvature radii and also with a tungsten carbide ball of 6.25 mm radius. The bigger
tungsten carbide indenter is according to Hertz theory equivalent to the 5 mm steel ball, i.e. for these two ind-
enters equal loads will give rise to the same contact pressure acting on the same contact area. Thus any
observed diﬀerence in fracture behaviour is due to friction. For each indenter approximately 100 experiments
were performed. Initially the indenter and the specimen were carefully put in contact with a load not exceeding
0.2 kN. After this the load was increased at a constant rate until the full cone crack formed, then the machine
was stopped and the load recorded. Indentations were made not closer than 4 crack diameters to each other
and to the specimen edge.
In order to investigate the inﬂuence of indenter elasticity on the fracture initiation at unloading, exper-
imental series were performed with steel and tungsten carbide indenters of 5 mm curvature radii. The exper-
imental procedure was essentially the same as described above but with diﬀerent load scenarios. For each
indenter material several maximum loads were chosen, 0.8, 1.0, 1.2, 1.5, 1.7 kN and 0.5, 0.6, 0.7, 1.0, 1.2,
1.5 kN for steel and tungsten carbide indenters, respectively. First, the load was increased to a maximum
level and then if no fracture occurred during loading the load immediately started to decrease. If a crackTable 1
Material parameters and friction coeﬃcients
Material E (GPa) m Friction coeﬃcient
Float glass 72 0.23 —
Steel 200 0.3 0.12 ± 0.025
Tungsten Carbide 732 0.22 0.13 ± 0.01
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and load level 20 unloading experiments were performed, i.e. experiments where the specimen survived dur-
ing loading.
As pointed out by Argon et al. (1960) a crack might also initiate if the load is maintained on a constant level
for a certain time due to a time-dependent chemical process on surfaces of precursor microcracks, as originally
explained by Orowan (1944). In order to obtain a qualitative estimation of the inﬂuence of this eﬀect on frac-
ture initiation at unloading observed in the present study, full cycle experimental series were performed, where
in contrast to the procedure described above the load after reaching maximum was maintained constant for
the same amount of time as it takes for complete unloading. Two series of 20 such experiments each were per-
formed, one with steel and one with tungsten carbide indenters, and the maximum load was chosen so as to
give approximately 50% failure probability at unloading.
4. Results and discussion
We start by reporting the experimental observations concerning the cone crack formation under mono-
tonically increasing load. Hertzian cracks formed, either during loading or unloading, had the same char-
acteristic shape of the frustum of a cone propagating rapidly and no precursory ring cracks were
observed.
In Fig. 3, the failure probabilities at increasing load are given as a function of load for steel and tungsten
carbide indenters of 5 mm radii as well as for a tungsten carbide indenter of 6.25 mm radius. Also in Fig. 3 the
best ﬁt of the experimental data using Weibull statistics is given, the Weibull parameters found for three dif-
ferent indenters are summarized in Table 2. It might be seen immediately that results concerning the fracture
loads are very scattered. This common observation is usually attributed to the fact that fracture initiates from
pre-existing surface ﬂaws, cf. e.g. Langitan and Lawn (1969), Wilshaw (1971).
It also should be pointed out that the fracture response observed with a 5 mm steel indenter is diﬀerent as
compared to the results presented in Elaguine et al. (2006) for the same nominal experimental conditions. It
should be pointed out however that the glass specimens used in these two studies were obtained from diﬀerent
suppliers. Thus it might be suggested that specimens used in these two studies have diﬀerent mechanical prop-
erties or surface residual stress distribution. The measured load depth curves for new and old specimens are
however very close to each other and to the one predicted by Hertz theory yielding.Fig. 3. Cumulative failure probability for soda lime silica glass measured with steel and tungsten carbide balls together with the best ﬁt of
Weibull statistics.
Fig. 4.
indent
Table 2
Parameters of the Weibull distribution function
Indenter r0 (Pa) ru (Pa) m
Steel, R = 5 mm 2.09e7 0 4.22
Tungsten carbide, R = 5 mm 1.63e7 0 3.85
Tungsten carbide, R = 6.25 mm 3.51e7 0 5.23
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ð9ÞThus it appears to be more likely that a somewhat higher fracture toughness observed in Elaguine et al.
(2006) is associated with the presence of compressive residual stresses at the surfaces of the old specimens.
Furthermore, it might be immediately noticed that probability curves for indenters of 5 mm radii are very
close and in particular loads corresponding to 50% failure probability are 1.68 and 1.62 kN for steel and tung-
sten carbide indenters, respectively. Analogous observations have been made by Chaudhri and co-workers, cf.
Chaudhri and Yoﬀe (1981) and Chaudhri and Phillips (1990), as fracture loads with steel and tungsten carbide
indenters of the same radii were reported to be approximately equal, within the experimental error.
However, the fracture loads measured with the bigger tungsten carbide ball are somewhat higher as com-
pared to 5 mm ones and in particular the 50% failure load is 2.02 kN. Johnson et al. (1973) performed com-
parative fracture experiments with steel and glass balls with their radii of curvature chosen so that the same
applied load, P, results in the same contact pressure acting on the same contact area, i.e. indenters having the
same a(P) function, where a is a contact radius. The critical load for the steel indenter was found to be approx-
imately 2.3 times higher as compared to the glass one.
We now turn to investigate how the experimental observations described above correlate with numerical
results based on a critical stress fracture criterion.
In Fig. 4, the evolution of the surface maximum tensile stresses up to a critical level, rcrit, is depicted at
monotonically increasing loading for glass, steel and tungsten carbide balls of equal curvature radii indenting
a ﬂat ﬂoat glass specimen. One may observe that at frictionless contact critical loads for steel and tungsten
carbide indenters are approximately 45% and 30% of the critical load at glass to glass contact. It might alsoEvolution of the maximum surface tensile stress at monotonically increasing load, results for glass, steel and tungsten carbide
ers depicted here for Hertz and frictional contact.
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maximum surface tensile stress behaviour and thus on the critical loads. In particular the critical loads for steel
and tungsten carbide indenters are increased to 274% and 237%, respectively, as compared to the one at glass
to glass contact.
The eﬀect of diﬀerent materials on the surface tensile stresses is illustrated in Fig. 5 for frictionless and ﬁnite
frictional cases. The distributions of the surface tensile stresses in ﬂoat glass specimens indented by glass and
tungsten carbide indenters are depicted here normalized with the mean pressure at glass to glass contact,
pglass0 ¼ P glass=paglass. For the tungsten carbide indenter tensile stress distributions are given for l = 0, 0.15.
It may be seen that in the frictionless case diﬀerent indenter materials result only in a quantitative change
of the radial stress, in particular tungsten carbide indenter results in a 50% higher maximum tensile stress
as compared to the glass one. Comparatively at ﬁnite friction the tensile stress distribution changes qualita-
tively acquiring a more shallow shape; its maximum value is decreased approximately twice as compared to
the frictionless case and furthermore its location is shifted away from the contact contour. This phenomenon
has been initially pointed out by Johnson et al. (1973) and discussed later in some detail by other investigators,
e.g. Hills and Sackﬁeld (1987), Andersson (1996a), Stora˚kers and Elaguine (2005).
The maximum surface tensile stresses at loading are presented in Fig. 6 as a function of friction for glass,
steel and tungsten carbide indenters, with the same a(P) relation. It might be noticed that both friction coef-
ﬁcients and elastic properties of the indenter have a profound inﬂuence on the maximum radial stress values,
namely an increasing diﬀerence in elastic compliances of indenter and specimen and friction coeﬃcient result
in a dramatic reduction of the maximum tensile stress. It may be seen in Fig. 6 for steel and tungsten carbide
indenters that even at moderate friction the maximum tensile stress is approximately 50% of the frictionless
value. This decrease of tensile stress will result in a dramatic increase of fracture loads as depicted in Fig. 7
for the same indenter materials and friction coeﬃcients.
In Table 3 experimental ﬁndings are summarized and compared with computational predictions. Here
P glassf ; P
steel
f ; P
tg
f denote the critical loads for glass, steel and tungsten carbide indenters correspondingly and
experimental results concerning the change of fracture loads with the change of indenter material are given
and compared with the numerical predictions based on Hertz and frictional contact theories. It may be seen
that the frictional results are in better agreement with the experimental observations. In particular the predic-
tions concerning the change of fracture loads with change from steel to tungsten carbide indenters are in very
close agreement with the experimental observations. Analogous results concerning the change from steel toFig. 5. Surface radial stress distribution.
Fig. 6. Maximum tensile stress during loading normalized with the mean pressure at maximum load as a function of friction coeﬃcient.
Fig. 7. Critical loads for glass, steel and tungsten carbide indenters normalized with the critical load at glass to glass contact as a function
of friction coeﬃcient.
Table 3
Ratios of fracture loads; experimental vs computational
Hertz theory Frictional contact Experimental
P tgf =P
steel
f , same a(P) 1 1.25 1.20
P steelf =P
glass
f , same a(P) 1 6.33 2.3
a
P tgf =P
steel
f , same R 0.66 0.87 0.96
a From Johnson et al. (1973).
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quantitative discrepancy.
Apart from the strong inﬂuence of the coeﬃcient of friction as is evident in Fig. 7, this discrepancy may be
attributed to the fact that the critical stress fracture criterion takes into account only the magnitude of the
maximum surface tensile stress. However, there exists strong experimental evidence that Hertzian fracture ini-
tiates from pre-existing ﬂaws stochastically distributed on the surface of the specimens, cf. e.g. Langitan and
Lawn (1969), Wilshaw (1971). This feature brings up a statistical issue. Thus not only the magnitude of the
maximum surface tensile stress but also the shape of the distribution is to be taken into account, and as it
has been shown in Fig. 5 at ﬁnite friction the stress distribution has a signiﬁcantly more shallow shape as com-
pared to the frictionless one. Also since the load needed to achieve the same maximum stress will be higher at
ﬁnite friction, the contact radii will also be bigger and thus the scale of the problem will change.
The maximum tensile stress experienced by the surface material during loading to the same critical stress
level is depicted in Fig. 8 for glass, steel and tungsten carbide indenters with the same a(P) relation. The stres-
ses are given normalized with the mean pressure for a glass indenter and the radial coordinate is normalized
with the contact radius at glass to glass contact. It might be observed immediately in Fig. 8 that the tensile
stress distribution for steel and tungsten carbide indenters are quite close and diﬀer signiﬁcantly from the
one for a glass indenter, in particular the region subjected to tension is signiﬁcantly bigger for dissimilar ind-
enters. Obviously, it might be expected from the distributions given in Fig. 8 that steel and tungsten carbide
indenters will result in a higher fracture probability as compared to the glass one at the same maximum stress,
as at dissimilar contact there would be a greater chance for locating a pre-cursor ﬂaw in the tension region.
The last factor may be expected to reduce the critical loads as compared to the ones predicted in Fig. 3
and Table 3.
A thorough statistical analysis lies beyond the framework of the present paper. However in order to obtain
some estimation of the statistical eﬀect a brief analysis based on Weibull statistics is performed here. The
parameters of the Weibull distribution were obtained as the best ﬁt to the experimental data for the steel
indenter. In Fig. 9 Weibull failure probabilities curves are given for glass, steel and tungsten carbide indenters
with the same a(P) relation along with experimental data for steel and tungsten carbide indenters. While the
Weibull distribution for the steel indenters is a least square ﬁt of the experimental data, distributions for glassFig. 8. The distribution of the maximum tensile stress experienced by the specimen during loading to the same maximum stress level with
glass, steel and tungsten carbide indenters.
Fig. 9. Experimental data and failure probability distributions predicted with Weibull statistics for glass, steel and tungsten carbide
indenters with the same a(P) relation.
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numerically for the glass specimen in frictional contact with the respective indenters. It may be seen that exper-
imental data for tungsten carbide is in close agreement with the predicted Weibull curve, in particular the pre-
dicted load corresponding to the 50% failure probability is 1.93 kN which is very close to the experimental
2.02 kN. Furthermore the predicted 50% load for a glass indenter is approximately 2.7 lower as compared
to the one measured using a steel indenter. This agrees quite well with the 2.3 times diﬀerence found by John-
son et al. (1973). Obviously if the frictionless tensile stress distribution would be used all three Weibull curves
would coincide.
In Fig. 10 the Weibull failure probability curves are given for steel and tungsten carbide indenters with the
same curvature radii along with experimental data. Here again the distribution for a steel indenter is ﬁtted and
predicted for a tungsten carbide indenter. One may observe that the agreement is quite good, in particular the
predicted 50% failure probability load is 1.56 kN which is only 4% lower as compared with the experimentally
observed one. This results might be compared to the ones obtained based on Hertz frictionless solution. The
Weibull parameters obtained as the best ﬁt to the experimental data for a steel indenter based on Hertz solu-
tion are r0 = 33.6 MPa, ru = 0 MPa, m = 4.22 and the predicted failure probability curve for the tungsten car-
bide indenter is shown in Fig. 10. It might be observed that it is somewhat shifted as compared to the
experimental results and in particular the 50% load is 1.38 kN which is 15% lower as compared to the exper-
imental one.
Another frequent experimental observation which may not be explained on the basis of the Hertzian con-
tact theory alone is fracture initiation at load removal. Analogous to what has been observed in previous
work, cf. Elaguine et al. (2006), cracks were presently observed to form at unloading and had the same char-
acteristic shape of a frustum of a cone and formed rapidly with no precursor surface ring cracks. Furthermore
in two experimental series performed with a delay at maximum load no cracks formed while the load was
maintained constant, suggesting that the ‘time-under-load’ eﬀect reported originally by Argon et al. (1960)
was small or absent.
In Fig. 11 failure probabilities at unloading from a given maximum load level are presented for steel and
tungsten carbide indenters having 5 mm curvature radii. For both indenter materials it may be seen that the
failure probability at unloading is somewhat higher as compared to the one observed at loading to the same
maximum load level, cf. Fig. 3. Furthermore while at monotonic loading the probability curves for these two
Fig. 10. Experimental data and failure probability distributions predicted with Weibull statistics for steel and tungsten carbide indenters
with the same curvature radii.
Fig. 11. Failure probabilities at unloading as function of maximum load, steel and tungsten carbide indenters, R = 5 mm.
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loads, in particular the loads corresponding to 50% failure probabilities are 1.20 and 0.68 kN for steel and
tungsten carbide indenters correspondingly.
The relative values for failure loads measured at unloading from diﬀerent loads are shown versus the max-
imum load in Figs. 12a and b for steel and tungsten carbide indenters correspondingly. It might be observed
for both indenter materials that most of the cracks occur at initial 50% of unloading, in particular 70 out of 71
and 72 out of 80 for steel and tungsten carbide indenters, respectively. Furthermore for both indenter mate-
rials more than 50% of the cracks form at initial 20% unloading.
Fig. 12. Relative values of failure loads at unloading at prescribed maximum loads: (a) steel indenter; (b) tungsten carbide indenter.
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detailed analysis of this particular phenomenon was performed by Elaguine et al. (2006). It has been found
that during unloading at dissimilar elastic contact the frictional tractions change signs over part of the contact
area and as a result these tractions, which are protective during loading, give rise to a damaging peak tension
at load removal. This is illustrated in Fig. 13, where the surface tensile stress distributions are given for a tung-
sten carbide indenter at maximum load and at 50% unloading. The shape of the tensile stress distribution
changes qualitatively at unloading and is similar to the one at frictionless contact.Fig. 13. Surface tensile stress distribution at maximum load and at 50% unloading normalized with nominal pressure at maximum load.
Tungsten carbide indenter.
Fig. 14. Evolution of the surface maximum tensile stress during a full contact cycle. Steel, l = 0.12, and tungsten carbide, l = 0.13,
indenters.
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indenters of the same radii and during a full contact cycle. It might be observed that at loading the maximum
tensile stresses for both indenter materials increase monotonically and proportionally to P1/3, furthermore at
load removal the behaviour of the maximum tensile stresses changes qualitatively. Thus, at initial unloading
maximum tensile stresses continue to increase and both the magnitude and the length of the region of increas-
ing stress depend on the indenter material. In particular for tungsten carbide indenters tensile stresses increase
up to 54% higher as compared to the value at maximum load during approximately ﬁrst 40% of unloading,
while for steel indenters the increase is up to 14% during ﬁrst 30% of unloading.
The behaviour of the maximum surface tensile stress during a frictional contact cycle, depicted in Fig. 14,
is in qualitative correlation with experimental observations concerning the failure loads at unloading
reported in Figs. 11 and 12. First of all the higher failure probability observed at unloading might be
explained by the increase of the tensile stress depicted in Fig. 14 and it might further be noticed in
Fig. 14 that the tensile stresses grow at steel/glass and tungsten carbide/glass contacts at initial 30% respec-
tive 40% of unloading and this is also the region when the absolute majority of unloading cracks initiate as
may be seen in Fig. 12.
Presently, signiﬁcantly lower fracture loads at unloading were measured with tungsten carbide indenters as
compared to the steel ones, in particular the 50% failure load with tungsten carbide indenter was found to be
approximately 2.4 times lower at a full cycle as compared to the corresponding value at monotonic loading
and with the steel indenter it was found to be approximately 1.4 times lower. This is in agreement with the
signiﬁcantly bigger increase of the maximum tensile stress observed at tungsten carbide/glass contact as com-
pared to the steel/glass case depicted in Fig. 14. In particular based on a critical stress fracture criterion and
results given in Fig. 14 it might be estimated in a way shown in Jelagin and Larsson (2007) that the critical load
at tungsten carbide/glass contact is approximately 3.7 times lower during a full contact cycle as compared to
the case of increasing loading and for the steel/glass contact the corresponding value is 1.48 times lower. It
may be noticed that for both cases of tungsten carbide and steel indenter the computational predictions some-
what underestimate the critical loads for the full contact cycle as compared to the experimentally observed
ones. This might be attributed to the inﬂuence of ﬂaw statistics. As shown in Fig. 13 the surface tensile stress
distribution changes qualitatively at unloading, acquiring a somewhat sharper shape and thus reducing the
probability of ﬁnding the critical ﬂaw within the tensile region. However, the inﬂuence of ﬂaw distributions
at fracture initiation at unloading has not been studied presently.
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It has been initially shown by Johnson et al. (1973) that the interfacial friction has a profound inﬂuence on
Hertzian fracture initiation at loading and also triggers fracture initiation at unloading. Presently, it has been
further examined whether or not the experimental observations concerning the inﬂuence of indenter elasticity
on critical loads might be explained based on the frictional contact theory both quantitatively and
qualitatively.
Experiments were performed on ﬂoat glass with steel and tungsten carbide indenters, the friction coeﬃcient
between the indenters and specimen was measured with a pin-on-disc machine. At loading, the use of geomet-
rically identical steel and tungsten carbide resulted in almost equal fracture loads, while for tungsten carbide
indenters, with the same predicted a(P) relation as a steel, 20% higher load was required in order to initiate
cracks. Furthermore, in contrast to the nearly identical fracture response found for steel and tungsten carbide
balls of the same radii at loading, it was observed that the load required to initiate a crack at unloading with a
tungsten carbide ball was signiﬁcantly lower as compared to the ones measured with a steel ball.
The inﬂuence of indenter elasticity and friction coeﬃcient on the surface maximum tensile stress has been
investigated numerically and the results concerning the inﬂuence of these parameters on the fracture loads
were given both for loading and unloading stages based on a critical stress criterion.
For the case of monotonically increasing load, results concerning the fracture loads for steel and tungsten
carbide indenters were found to be in good correlation with experimental ﬁndings, and in particular the
observed change of the 50% fracture load with a change of indenter material was at maximum 10% diﬀerent
from the predictions made based on the frictional contact theory. However, results for the case of steel and
glass balls with the same a(P) relation were found to be only in qualitative agreement with the observations
presented by Johnson et al. (1973). The matter is, however, very sensitive to friction properties and it was also
argued presently that the quantitative discrepancy in this case might be attributed to the eﬀect of the stochastic
surface ﬂaw distribution and to investigate this feature Weibull statistics was introduced. The 50% failure
loads predicted based on Weibull statistics were found to diﬀer from the experimentally measured ones with
less than 5% for steel and tungsten carbide indenters and 17% for glass indenters.
At load removal the maximum surface tensile stress was found to increase due to the reversal of tangential
tractions at the contact boundary, cf. Elaguine et al. (2006), Jelagin and Larsson (2007). The computational
predictions were found to correlate with experimental ﬁndings, in particular the computed critical load at
unloading for the tungsten carbide indenter was approximately twice as low as compared to the one computed
for the steel indenter. The relative diﬀerence between computed and measured values was found to be 6% and
50% for the steel and tungsten carbide indenters, respectively. Analogous to the case of monotonic loading the
observed quantitative discrepancy might be attributed to the inﬂuence of ﬂaw statistics.
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